Abstract. There are several well-known methods that one can use to construct Hadamard matrices from base sequences BS(m, n). In view of the recent classification of base sequences BS(n + 1, n) for n ≤ 30, it may be of interest to show on an example how prolific these methods are. For that purpose we have selected the Hadamard matrices of order 60. By using these methods and the transposition map we have constructed 1759 nonequivalent Hadamard matrices of order 60.
Introduction
Recall that a Hadamard matrix of order m is a {±1}-matrix H of size m × m such that HH T = mI m , where T denotes the transpose and I m the identity matrix. Let us denote by H(m) the set of Hadamard matrices of order m. By abuse of language, we say that H(m) exist if H(m) = ∅. If m > 2 and H(m) exist, then m is divisible by 4. Two Hadamard matrices A, B ∈ H(m) are said to be equivalent if B = P AQ for some signed permutation matrices P and Q.
By binary respectively ternary sequence we mean a sequence A = a 1 , a 2 , . . . , a m whose terms belong to {±1} respectively {0, ±1}. To such a sequence we associate the polynomial A(z) = a 1 + a 2 z + · · · + a m z m−1 . We refer to the Laurent polynomial N(A) = A(z)A(z −1 ) as the norm of A. Base sequences (A; B; C; D) are quadruples of binary sequences, with A and B of length m and C and D of length n, and such that N(A) + N(B) + N(C) + N(D) = 2(m + n). We denote the set of such base sequences by BS(m, n). We shall demonstrate that the base sequences and, their special cases, normal and near-normal sequences play an important role in the construction of Hadamard matrices [2, 12] . The recent discovery of a Hadamard matrix of order 428 [8] used a BS(71, 36), constructed specially for that purpose.
As explained in [3] , we can view the normal sequences NS(n) and near-normal sequences NN(n) as subsets of BS(n + 1, n). For normal Supported in part by an NSERC Discovery Grant.
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sequences 2n must be a sum of three squares, and for near-normal sequences n must be even or 1. The base sequences (A; B; C; D) ∈ BS(n+1, n) are normal respectively near-normal if b i = a i respectively b i = (−1) i−1 a i for all i ≤ n. There are several known methods that one can use to construct Hadamard matrices from base sequences BS(m, n). In view of the recent classification [6] of base sequences BS(n + 1, n) for n ≤ 30, it may be of interest to show on an example how prolific these methods are. For that purpose we have selected the Hadamard matrices of order 60. By using these methods we have constructed 1086 Hadamard matrices of order 60. Exactly 1012 of them are pairwise nonequivalent. By taking transposes of these 1012 matrices, we obtain additional 747 equivalence classes. Thus in total we have constructed 1759 equivalence classes of H(60) by using base sequences and the transposition. This is probably a very tiny portion of the totality of equivalence classes of H(60). In that regard we mention that the incomplete classification, carried out very recently in [9] , shows that the number of classes of H(32) is well over 13 milions.
In Section 3 we describe the construction of H(8n + 4) from BS(n + 1, n) and we summarize the results of our computation in Table 1 . The 558 pairwise nonequivalent Hadamard matrices constructed in this section are listed in Table 2 .
Yang's paper [13] contains four powerful "multiplication theorems". The proofs of these theorems in loc. cit. are based on Yang's generalization of Lagrange's theorem on the sum of four squares to the ring of Laurent polynomials Z[x, x −1 ] with integer coefficients. This beautiful generalization deserves to be wider known. In a recent paper with K. Zhao [7] we have shown that Yang's generalization is essentially unique.
As 15 is a composite number, each of the four multiplication theorems can be used to construct base sequences BS(15, 15), and then construct Hadamard matrices of order 60. The results of these computations are described in Sections 4-7. For the convenience of the reader, in each of these four sections we state explicitly the multiplication theorem that we use. Three misprints in the statement of Yang theorems have been observed in [5] . The number of equivalence classes of H(60) constructed in these four sections are 192, 208, 64 and 64 respectively. Their representative matrices are listed in the Appendix in Tables 3-6 respectively.
In Section 8 we describe the encoding of base sequences BS(n + 1, n) that we use in Table 1 , and have used in several of our previous papers.
The appendix contains the Tables 2-6 . We also explane there how to interprete the entries of the tables.
Preliminaries
All computations were carried out in Magma [1] modulo the tables of base sequences constructed in [3] . In fact we only make use of Table  2 of that paper. The main reason for using Magma is that it provides a (small) database of Hadamard matrices, in particular 256 matrices of order 60, and a useful collection of functions for working with these matrices. The 1759 classes mentioned above are all different from these 256. The most valuable functions for us were "IsHadamard" for testing whether a matrix is a Hadamard matrix, "HadamardCanonicalForm" which provides a test for equivalence of Hadamard matrices, and "HadamardMatrixToInteger" and its inverse "HadamardMatrixFromInteger" for compact representation of Hadamard matrices.
All Hadamard matrices in this note are constructed by using the Goethals-Seidel array:
where Z 0 , Z 1 , Z 2 , Z 3 are suitable circulant matrices, and R denotes the matrix having ones on the back-diagonal and all other entries zero. Let us make a remark about this array. It is not hard to verify that if we permute the circulants Z 0 , Z 1 , Z 2 , Z 3 then the new Hadamard matrix obtained from the above array will be equivalent to the original one provided that the permutation is even. If it is odd then the two Hadamard matrices may be nonequivalent. This is used in Section 6.
We now list additional notation and definitions that we need. We separate the sequences by a semicolon, and use the comma as the concatenation operator. The symbol 0 s denotes the sequence of s zeros. For a sequence A = a 1 , a 2 , . . . , a m we denote by A ′ the reversed sequence, i.e., A ′ = a m , a m−1 , . . . , a 1 . Thus we have a
For sequences A and B of length n, A ± B denotes the sequence with terms a i ± b i , i = 1, 2, . . . , n. For sequences A = a 1 , a 2 , . . . , a m+1 and C = c 1 , c 2 , . . . , c m we denote by A/C the interlaced sequence
We say that two ternary sequences G and H of length n are disjoint if at most one of g i and h i is nonzero for each index i. We recall that T -sequences are quadruples (A; B; C; D) of pairwise disjoint ternary sequences of length n such that N(A) + N(B) + N(C) + N(D) = n. We denote by T S(n) the set of T -sequences of length n. It has been conjectured that T S(n) = ∅ for all integers n ≥ 1, and it is known that this is true for n ≤ 100 different from 79 and 97. There is a map
sending (A; B; C; D) → (Q, R, S, T ) where
For any finite binary sequence X let Z X denote the circulant matrix having X as its first row. It is well known (see e.g. [12] ) that there is a map
sending (M; U; V ; W ) to the Hadamard matrix H constructed by plugging in the circulants
One can also use base sequences BS(m, n) with m and n arbitrary to construct Hadamard matrices of order 4(m + n). For that purpose we just compose the above map with the map BS(m, n) → BS(m + n, m + n) which sends (A; B; C; D) → (A, C; A, −C; B, D; B, −D). In particular, for m = n + 1, we obtain the map
In our recent paper [6] we have introduced a new equivalence relation in BS(n + 1, n) which the reader should consult for further details. As this relation is not easy to describe, we shall just say that there is a group G BS of order 2 12 , whose definition depends on the parity of n, which acts on BS(n+1, n) so that its orbits are exactly the equivalence classes. By using this group, it is easy to generate in Magma the whole equivalence class from its representative. We point out that the map (3.2) may produce many nonequivalent Hadamard matrices from a single equivalence class of base sequences (see Table 1 ).
Let E ⊆ BS(n + 1, n) be an equivalence class. From above it follows that the cardinality of E must be a power of two, 2 k with k ≤ 12. We are interested in the case n = 7 in which case 2n + 1 = 15 and 8n + 4 = 60. The set BS(8, 7) splits into 17 equivalence classes.
The results of our computation in this case are summarized in Table 1. The listing of the equivalence classes of BS(8, 7) is taken from [3, Table 2 ]. The second column of Table 1 lists the representatives (A; B; C; D) of the equivalence classes E of BS (8, 7) . These representatives are written in encoded form (see Section 8 for the definition and our conventions for this encoding). For each representative we record the cardinality #E of E and the number of equivalence classes of H(60) constructed from E via (3.2).
It turns out that any two nonequivalent base sequences in BS(8, 7) produce two nonequivalent Hadamard matrices. We do not know whether this is true in general.
Question : Is it true that two nonequivalent base sequences in BS(n + 1, n) always produce via (3.2) two nonequivalent Hadamard matrices of order 8n + 4?
The sum of the numbers in the last column of Table 1 is 558. Consequently, we have constructed 558 equivalence classes of H(60). 
Normal sequences NS(n) can be written as (F, +; F, −; G + H; G − H) or (F, −; F, +; G + H; G − H), where F , G and H are uniquely determined sequences of length n such that F is binary while G and H are ternary and disjoint. The map (4.1) is defined in terms of the sequences F , G and H. This map sends the ordered pair, having these normal sequences as the first component and (A; B; C; D) ∈ BS(s, t) as the second, to the T -sequences (Q, R, S, T ) where
and the blocks X k , k = 1, 2, . . . , n and X n+1 are given by
Two misprints in the expression for τ k in [13, p. 770] have been corrected. Instead of our sequences g
, respectively. At a first glance our sequences appear to be in error since these have to be ternary. In fact they are binary since Theorem 8.1 guarantees that g k = 0 iff g These are also representatives of the equivalence classes of normal sequences NS(1) and NS(2) respectively. By applying the above theorem, with s = 3, t = 2 and n = 1, we compute the image of the whole set NS(1) × BS(3, 2) and then apply the map (3.2) to this image. We obtain 128 equivalence classes of H(60). Another 64 equivalence classes are obtained by taking s = 2, t = 1 and n = 2, i.e., bu using the set NS(2) × BS(2, 1). These 128 + 64 = 192 equivalence classes turn out to be distinct.
H(60) from Yang's Theorem 2
The theorem [13, Theorem 2] gives a map
We write normal sequences NS(n) as in the previous section, i.e., as (F, +; F, −; G + H; G − H) or (F, −; F, +; G + H; G − H). The map (5.1) sends the ordered pair consisting of these normal sequences and the base sequences (A; B; C; D) ∈ BS(s, t) to the base sequences (Q, R, S, T ) defined by
There are two possibilities. First we take s = 3, t = 2 and n = 3. There exists only one equivalence class of normal sequences NS(3). As its representative we can take 06; 11 = +, +, −, +; +, +, −, −; +, +, +; +, −, +.
By computing the image of NS(3) × BS(3, 2) under the map (5.1) and applying the map (3.2), we obtain 80 equivalence classes of H(60).
The second possibility is to take s = 2, t = 1 and n = 5. Again there exists only one equivalence class of normal sequences NS(5). As its representative we can take 016; 640, i.e., +, +, +, −, +, +; +, +, +, −, +, −; +, +, +, −, −; +, −, +, +, −.
In this case we obtain 128 equivalence classes of H(60).
These 80 + 128 = 208 equivalence classes turn out to be distinct.
H(60) from Yang's Theorem 3
The theorem [13, Theorem 3] gives a map
where n = 2m is even. To describe this map, we shall write near-normal sequences in NN(n) in the form
where X and Y are binary sequences and G and H are disjoint ternary sequences, all of length n. This map sends the ordered pair, having
these near-normal sequences as the first component and (A; B; C; D) ∈ BS(s, t) as the second, to the T -sequences (Q; R; S; T ) where
the blocks U k and V k , k ≤ m, are given by
and
There exists only one equivalence class in NN(2). As its representative we can take 02; 1 = +, −, +; +, +, −; +, +; +, +.
After computing the image of the map (6.1) with s = 2, t = 1 and n = 2 and applying the maps (2.1) and (3.2) in succession, we obtain 32 equivalence classes of H(60). Another 32 equivalence classes are obtained by swaping the first two components of the base sequences produced by the map (2.1) (see the remark made in Section 2). These 32 + 32 = 64 equivalence classes turn out to be distinct.
H(60) from Yang's Theorem 4
The theorem [13, Theorem 4] gives a map
which sends the ordered pair ((A; B; C; D), (F ; G; H; E)) to (Q; R; S; T ) defined again by the formula (4.2) but the blocks X k , k ≤ n, and X n+1 are now given by
(a misprint in the expression for β k in [13, p. 773 ] has been corrected).
We apply this theorem, with m = 1 and n = 2. We compute the image of BS(2, 1) × BS(3, 2) and then apply the map (3.2). We obtain 32 equivalence classes of H(60). Another 32 equivalence classes are obtained by using the set BS(2, 1) × BS(3, 2). These 32 + 32 = 64 equivalence classes turn out to be distinct.
The encoding scheme
Let (A; B; C; D) ∈ BS(n + 1, n). For n even (odd) set n = 2m (n = 2m + 1). Decompose (A; B) into quads
and, if n is even, the central column
is valid for (C; D). The quad encoding is based on [11, Theorem 1].
Theorem 8.1. The sum of the four quad entries is 2 (mod 4) for the first quad of (A; B) and is 0 (mod 4) for all other quads of (A; B) and for all quads of (C; D).
There are 8 possibilities for the first quad of (A; B):
The possibilities for the remaining quads of (A; B) and the quads of (C; D) are:
Finally, there are 4 possibilities for the central column:
We encode (A; B) by the symbol sequence p 1 p 2 . . . p m p m+1 , where p i is the label of the ith quad except that for n even p m+1 is the label of the central column. Similarly, we encode (C; D) by q 1 q 2 . . . q m respectively q 1 q 2 . . . q m q m+1 when n is even respectively odd. Here q i , i ≤ m, is the label of the ith quad and, for n odd, q m+1 is the label of the central column. Table 1 and elsewhere in the text we write 0 instead of 3 ′ .
Appendix
The following tables contain the list of Hadamard matrices constructed by the methods explained in Sections 3-7. Since these matrices are constructed by using the Goethals-Seidel array, i.e., via the map (3.2), they can be stored very efficiently. Indeed it suffices to list only the base sequences (A; B; C; D) ∈ BS(15, 15) used to construct the Hadamard matrix. We first concatenate these four constituent binary sequences to obtain the binary sequence A, B, C, D of length 60. Next we replace each −1 term in this sequence with 0 to obtain a {0, 1}-sequence, say S, of length 60. Next we split S into 15 pieces of length 4 each. Finally, we interprete each piece as the binary representation of a hexadecimal digit 0, 1, . . . , 9, a, b, c, d , e, f . Thus we obtain a sequence, X, of exactly 15 hexadecimal digits. Each entry in our tables is such a sequence. Clearly, one can easily reconstruct the base sequences (A; B; C; D) from X.
Here is an example. We take X = 0dc41a77adbf 5c8, the first hexadecimal sequence in Table 2 . Each hexadecimal digit has to be replaced by its binary representation by using exactly four binary digits. Thus the hexadecimal digit 0 gets replaced by the sequence 0, 0, 0, 0. Next the hexadecimal digit "d" is replaced by the sequence 1, 1, 0, 1 etc. We thus obtain the sequence S as 000011011100010000011010011101111010110110111111010111001000. To obtain the Hadamard matrix H ∈ H(60), it remains to form the circulants Z A , Z B , Z C , Z D and plug them (in that order) into the Goethals-Seidel array.
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